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We identify that both the dynamic core polarization and dynamic orbital deformation are impor-
tant in the orientation-dependent high-harmonic generation of CO molecules subjected to intense
few cycle laser fields. These polarization dynamics allow for the observation of strong orientation
effects and dynamic minimum in the harmonic spectra. The generated attosecond pulses can be
greatly affected by these multielectron effects. This work sheds light on future development of
dynamic orbital imaging on attosecond time scale.
PACS numbers: 32.80.Rm, 42.50.Hz, 42.65.Ky
High-order harmonic generation (HHG) is a fundamen-
tal atomic process in strong laser fields that continues to
attract much attention [1, 2], especially when the recent
advances in laser technology have made possible the ul-
trafast probing of molecular dynamics with ultra-strong
laser intensity [3–5]. As an efficient source of coherent
attosecond XUV radiation [6, 7], HHG opens a route to
observing and controlling the fastest electronic processes
in matter. The intrinsic timing of HHG associated with
the interval between ionization and recombination can,
e.g., be used to resolve electron dynamics on attosecond
time scale [8–11] and reconstruct molecular orbitals with
A˚ngstro¨m spatial resolution [12–15] for orbital tomogra-
phy. While methods based on single electron approxi-
mation are widely used [12, 16–21, 23, 24], it has been
evidenced that multielectron effects come into play for
strong-field physics [9–11, 15, 25–29]. Identifying and
understanding of the encoded multielectron fingerprints
in HHG with a self-coherent theory is the key to the ap-
plications of both the attosecond pulse (ASP) generation
and high-harmonic tomography.
Recently, the dynamic core polarization has been iden-
tified to play an important role in the strong-field tun-
neling ionization of CO molecules [29]. The neglect of
core polarization dynamics generally leads to qualita-
tively incorrect ionization yields as compared to the ex-
periments [30, 31]. For HHG, not only the ionization
process, but also the electron dynamics in the subse-
quent propagation and rescattering steps [32] may be
modified by the core polarization field. Upon recombina-
tion, the electron might see the orbitals deformed [33–36]
due to the interplay of laser fields and polarization fields
from the core electrons. Thus it’s desiring to investigate
whether and to what degree the HHG signal is affected
by the collective response of the electrons. On the other
hand, previous investigations on harmonic emissions from
multielectron molecules are generally focused on the non-
polar molecules [9–15]. For HHG from polar molecules,
not only the alignment [3], but also the orientation ef-
fects come into play, benefiting the tailoring and shaping
of ASPs through their generation.
In this letter, we investigate the orientation-dependent
HHG of CO molecules in intense few cycle laser fields
by the fully propagated time-dependent Hartree-Fock
(TDHF) theory [37]. TDHF goes beyond the single ac-
tive electron approach and includes the response of all
electrons to the field, which helps to partially resolve the
multielectron effects from the molecular core within the
framework of Hartree-Fock. We show that the dynam-
ics of core electrons effectively modify the behaviors of
HOMO electrons in two senses: detuning the recursion
time of the free electron during ionization and recom-
bination; and more importantly, deforming the highest
occupied molecular orbital (HOMO) at the instant of re-
combination. Therefore both the intensity and emission
time of the generated ASP are modified, which could
be crucial in ultra-fast experiments since the duration
of the ASP itself is in the order of a few hounded at-
toseconds. Furthermore, the dynamic orbital deforma-
tion allows for the observation of dynamic minimum in
the harmonic spectra, which provides the possibility of
imaging dynamic orbitals.
For the numerical implementation, we use the pro-
late spheroidal coordinates [38], which is the most nat-
ural choice for two-center systems. Our approach is
also based on the discrete-variable representation and
the finite-elements method [39]. The numerical param-
eters are as follows. The internuclear distance of CO is
fixed at experimental equilibrium of 2.132 a.u. [40]. As
the ground electronic state is 1Σ, spin-restricted form
of TDHF is adopted. The electronic configuration of the
ground state of CO from imaginary time relaxation calcu-
lation is (1σ)2(2σ)2(3σ)2(4σ)2(1π)4(5σ)2, with the total
(5σ) energy of -112.7909118 (-0.554923304) a.u., in good
agreement with literature values [41]. The asymmetric
electron density distribution results in the non-vanishing
permanent dipole moment (DM) of each orbital.
The linearly polarized laser fields used in this let-
ter are visualized in the insets of Fig. 1. Only the
second cycle forms a complete oscillation where both
the positive and negative electric fields reach the max-
imum (Emax = 0.0755a.u.), corresponding to an inten-
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FIG. 1. (Color online) Harmonic spectra from 5σ orbital of
CO for: (a) parallel orientation (θ = 0o); (b) anti-parallel
orientation (θ = 180o). Temporal profiles of the ASP con-
structed from the 15th to 35th harmonics are presented in (c)
for 0o and (d) for 180o. The results are from the full method
(solid lines), SAO method (dashed lines) and SAO+Pmethod
(dot-dashed lines), respectively. The black arrow in (b) indi-
cates the minimum position. The insets visualize the 3 opti-
cal cycle sin-squared laser fields, with a carrier wavelength of
800nm. The intensity corresponding to the maximum electric
field is 2×1014W/cm2.
sity of 2×1014W/cm2. For parallel orientation (θ = 0o)
[Fig. 1(a)], the electron is ionized from and then recom-
bines to the C-end, while ionization and recombination
take place toward the O-end for anti-parallel orientation
(θ = 180o) [Fig.1(b)]. Thus, orientation effects can be
separated and identified. Though contributes little to
the total harmonic spectra, the first cycle is necessary so
that electron dynamics can be included, which helps to
the verification of dynamic core polarization with laser-
deformed orbitals. Such single cycle pulses have been
enabling the precision control of electron motion and the
study of electron-electron interactions with a resolution
approaching the atomic unit of time (24 as) by varying
their waveforms [42–44].
The emitted harmonic spectra is given by S(ω) =
4ω4/(6πc3)|
∫ T
0
d(t)eiωtdt|2, where c is the speed of light,
and d(t) = 〈ψ(t)|rˆ|ψ(t)〉. In addition to the full TDHF
method, we have also performed the calculations using
the single active orbital (SAO) approximation: i.e., prop-
agate the HOMO electrons while freezing the core elec-
trons. The harmonic spectra from 5σ of CO, using the
full and SAO methods, are compared in Fig. 1(a) and
(b). The cutoff position is found at 36th (56eV), in
good agreement with the prediction from the Lewen-
stein model [24], Nω = 1.32Ip + 3.17Up, where Ip is
the ionization potential, Up = E
2
max/4ωL is the pondero-
motive energy, and ωL is the carrier frequency of the
laser field. Here, Ip is taken as the negative of orbital
FIG. 2. (Color online) The field-free (middle) and laser-
deformed orbital densities of 5σ when the electric field points
from O to C (E > 0, left) and from C to O (E < 0, right),
from full TDHF calculations. The red lines give the density
profiles from SAO calculations. For the left and right figures,
|E| = Emax.
energy (ǫ5σ). For both orientations, the spectra from
SAO method deviate from the results from full method:
SAO method tends to underestimate the full method for
θ = 0o, while overestimation is observed for θ = 180o.
This resembles the difference of ionization yields between
the full and SAO methods [29]. In SAO method the in-
ner orbitals are kept frozen, resulting in an static aver-
age potential, while in SAO+P method the dynamic core
polarization is included by a model potential [45, 46],
Vp(r, t) = −αcE(t) · r/r
3, where αc is the total polariz-
ability of core electrons [29]. Close to the core, we apply a
cutoff for Vp, at a point where the polarization field can-
cels the laser field [45]. This is also necessary to remove
the singularity near the core. By incorporating the dy-
namic core polarization potential, SAO+P method yields
nearly an all spectra improvement over the original SAO
method. The increase (θ = 0o) and decrease (θ = 180o)
of the spectral intensity are originated from the variation
of ionization rates due to core polarization [29, 45].
How does the core polarization affect the emission time
of harmonics, as a consequence of the free electron dy-
namics? To this end, we construct the temporal profile
of the ASP from the wavelet transform [47] of the har-
monic spectra between 15th and 35th, shown in Fig. 1(c)
and (d). For θ = 0o, the ASP from SAO method de-
viates from the full result both in the intensity and in
the emission time with a delay of ∆t = tSAO − tFull =
12as. Contrast to θ = 0o where core polarization ad-
vances the emission of ASP, the emission is delayed for
θ = 180o(∆t = −20as). The inclusion of core polariza-
tion potential in the SAO+P method improves the re-
sults for both orientations. These different changes by
core polarization will be explained later.
Strong orientation effects are observed in the harmonic
spectra in Fig. 1: (1) the spectral intensity is generally
lower for θ = 180o; (2) an apparent minimum is observed
3at the 31th (48eV) harmonic for θ = 180o, while no ob-
vious minimum exists for θ = 0o. These effects already
exist in SAO method, which are strengthened in SAO+P
and full methods. In the following we show that these
orientation-dependent differences originate from the dy-
namic deformation of the electronic orbital before recom-
bination.
Figure 2 visualizes the field-free and laser-deformed or-
bital density of 5σ on x-z plane. Subjected to strong
electric fields, the orbital polarizes and deviates from the
field-free distribution, resulting in two distinct orbitals
for both cases of the electric fields E > 0 and E < 0.
The deformation is stronger for E < 0, since the major
part of the electron density locates at the C-end. Inter-
estingly, because of the inclusion of core polarization in
full calculations, the deformation is enhanced for E < 0,
while suppression is observed for E > 0. The incremen-
tal changes amount up to 30% of the total orbital defor-
mation in SAO calculations, which further enlarges the
density asymmetry between positive and negative electric
fields.
According to the molecular tunneling ionization the-
ory [20–22], ionization rate depends on the density dis-
tribution in the asymptotic region (r ≫ 0). For θ = 0o
(180o), the electron is ionized for E < 0 (E > 0) from
the C-end (O-end), where the asymptotic density is in-
creased (decreased) due to core polarization. This causes
the corresponding changes in the ionization yields as well
as in the spectral intensity. Note that the explanations
presented here on ionization consists with the tunnel-
ing picture in our previous work [29]. In a recent ex-
periment [33], obvious variations were observed in the
ionization by an ASP, due to orbital deformation by a
moderately strong near-infrared laser field. For θ = 0o
(180o), the ionized wavepacket recombines when E > 0
(E < 0) towards the C-end (O-end), thus the recombin-
ing wavepacket sees the shrinked (expanded) orbital due
to core polarization. This results in the different modu-
lations in the emission time of ASP.
To further investigate the effects of orbital deformation
on harmonic emission, we calculate the time-dependent
photoelectron recombination DM, dz(pz, t) = 〈pz|z|ψ(t)〉,
where |pz〉 = (2π)
−3/2 exp{ipzz}, ψ(t) is the time-
dependent 5σ orbital from TDHF calculations. Fig. 3
presents the recombination DM versus electron energy
(ǫ = p2z/2) at different recombination times: 195a.u.,
200a.u., 205a.u., 210a.u. and 215a.u. For comparison,
the field-free DM (t=0a.u.) is also presented. The time-
dependent DM deviates from the field-free one mostly
when the field reaches Emax (t ≈ 195 a.u.). As t in-
creases, the field amplitude decreases and the DM ap-
proaches the field-free one (e.g., t = 215a.u.). For each
line, the filled circle (open square) marks the correspond-
ing energy of the electron at that recombination time.
If the ionized wavepacket does see the deformed orbital
upon recombination, the marks should reflect the spec-
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FIG. 3. (Color online) (a, b): recombination DMs extracted
from 5σ orbital for (a) θ = 0o and (b) θ = 180o, at different
times. The solid (dashed) lines are the results from the full
(SAO) method. For each time, the solid circle (open square)
marks the corresponding energy of the recombinating elec-
tron. The field-free DMs (t = 0a.u.) are also presented for
comparison. The laser parameters are the same as in Fig. 1.
(c, d): amplitude (c) and phase (d) of recombination DMs ex-
tracted from ψ = ψ0+ψe, ψ0 and ψe (see texts), at t = 195a.u.
for θ = 180o. The results are from the full method.
tral profiles. Indeed, for θ = 0o, the marks form no clear
minimum, in accord with the harmonic spectral profile
[Fig. 1(a)]. And for θ = 180o, the marks exhibit a deep
minimum at ǫ = 47eV, in good agreement with the posi-
tion of the minimum in the harmonic spectra [Fig. 1(b)].
Orbital deformation leads to the suppression of the DMs
in (b), while mild enhancement is observed in (a). This
assists the observed suppression of the spectral intensity
in Fig. 1(b). For SAO calculations, the time-dependent
DM deviates smaller from the field-free DM than the full
calculation. This results in the deeper minimum for the
spectra from full calculations.
For θ = 180o, the dynamic minimum in harmonic
spectra originates from the time-dependent variation of
recombination DM. In the following, we show that at
each fixed recombination time, the minimum in the
DM comes from the interference between the field-free
and field-polarized components of 5σ orbital. To this
end, the laser-deformed orbital is written as ψ(t) =
ψ0(t)+ψe(t), where the field-free part ψ0(t) = c0(t)ψ(0),
c0(t) = 〈ψ(0)|ψ(t)〉, and the field-polarized part ψe(t) =
ψ(t) − ψ0(t). Fig. 3(c) and (d) present the amplitudes
and phases of the recombination DMs using these par-
tial waves, at t = 195a.u. For both ψ0 and ψe, |dz|
decreases monotonously, displaying no minimum. Inter-
ference minimum occurs if the phases ϕ of these DMs
4FIG. 4. (Color online) Time varying orbital density of 5σ (up-
per) and 1pi (lower) computed from full calculations. From
inside, the contour lines are 10−1, 10−2, 10−3, and 10−4, re-
spectively.
differ by π. Indeed, ∆ϕ reaches the vicinity of π around
50eV, resulting in the minimum in the DM from the to-
tal orbital ψ. At other times with smaller |E| and so as
smaller orbital deformation (ψe), the interference mini-
mum decreases due to deviations in the DM amplitudes.
First thing to note is that no minimum would be found
if the electron sees the field-free orbital upon recom-
bination for both orientations. The existence of deep
minimum for θ = 180o is a clear evidence that the dy-
namic orbital deformation can greatly affect the process
of harmonic generation. The effects of orbital deforma-
tion in harmonic generation was investigated by an ex-
tended Lewenstein model [34], where orbital distortion
may leads to the disappearance of the two-center infer-
ence minimum in harmonic spectra from N2. The cor-
respondence of harmonics at different orders to different
laser-deformed orbitals, underlies the bases for the possi-
ble application of dynamic orbital imaging on attosecond
time scale. Fig. 4 presents the laser-deformed orbital den-
sity of 5σ and 1π at different recombination times. Only
the E < 0 cases are presented for the illustration, where
the deformation is stronger. The degree of deformation
generally follows the amplitude of the laser field. The
density distribution recovers the field free one for small
|E|. This agrees with the time-dependent DMs in Fig. 3.
The orbital deformations due to core polarization may
be explained through the shape of the field-free 5σ and 1π
orbitals. At the C-side, the 1π electrons are distributed
more compact comparing to the 5σ electrons. While at
the O-side, quite a portion of 1π electrons are located
outside 5σ. Therefore, for E < 0, the polarization of 1π
pushes 5σ further away from the Carbon atom, giving
larger polarization of 5σ. On the other hand for E > 0,
the polarization of 1π in fact suppresses the polarization
of 5σ because of the blocking of 1π electrons outside the
5σ at the O-side.
Note that in Fig. 1, the SAO+P method does not fully
reproduce the full method. There are two possible rea-
sons. Firstly, the form of polarization potential is accu-
rate in the asymptotic region, but less valid if the elec-
tron approaches the nuclei too closely [45]. As a result,
the deformation of 5σ orbital due to dynamic core po-
larization is not fully incorporated inside the cutoff re-
gion. Secondly, the exchange potential is kept static in
the SAO+P method, which in actual fact depends on the
dynamic orbital deformation as well. Despite these facts,
the core polarization potential already captures the main
sprit that is lost in the original SAO method. Because
the DM directly reflects the electron dynamics, this is a
clear evidence that the dynamics of core electrons effec-
tively modify the behaviors of 5σ electrons. In particular,
it reflects that the deformation of the HOMO from the
core electrons is essentially an adiabatic process since the
probability of nonadiabatic excitation and ionization of
the inner-shell electrons is small in the present study. As
a result, the dynamic interaction from core electrons are
imprinted in the harmonic spectra emitted from 5σ.
In conclusion, we have identified and demonstrated the
importance of the dynamic orbital polarization both for
core and HOMO orbitals in the orientation-dependent
harmonic spectra. The polarization dynamics are ex-
pected to have more profound effects for molecules with
larger polarizability [33, 35]. The field intensity and emis-
sion time of the generated ASP can be greatly affected
by these two effects. Besides the single cycle pulses,
the probe of orientation effects in harmonic spectra of
hetero-nuclear molecules may also utilize the two-color
field scheme, such as the double optical gating [48], where
the field itself breaks the up-down symmetry.
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